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We investigate which quantum states can serve as universal resources for approximate and stochas-
tic measurement-based quantum computation, in the sense that any quantum state can be generated
from a given resource by means of single-qubit (local) operations assisted by classical communica-
tion. More precisely, we consider the approximate and stochastic generation of states, resulting e.g.
from a restriction to finite measurement settings or from possible imperfections in the resources or
local operations. We show that entanglement-based criteria for universality obtained in [Van den
Nest et al, New J. Phys. 9, 204 (2007)] for the exact, deterministic case can be lifted to the much
more general approximate, stochastic case. This allows us to move from the idealized situation
(exact, deterministic universality) considered in previous works, to the practically relevant context
of non-perfect state preparation.
We find that any entanglement measure fulfilling some basic requirements needs to reach its max-
imum value on some element of an approximate, stochastic universal family of resource states, as
the resource size grows. This allows us to rule out various families of states as being approximate,
stochastic universal. We prove that approximate, stochastic universality is in general a weaker re-
quirement than deterministic, exact universality and provide resources that are efficient approximate
universal, but not exact deterministic universal.
We also study the robustness of universal resources for measurement-based quantum computation
under realistic assumptions about the (imperfect) generation and manipulation of entangled states,
giving an explicit expression for the impact that errors made in the preparation of the resource have
on the possibility to use it for universal approximate and stochastic state preparation.
Finally, we discuss the relation between our entanglement-based criteria and recent results regard-
ing the uselessness of states with a high degree of geometric entanglement as universal resources [D.
Gross et al., Phys. Rev. Lett. 102, 190501 (2009); M. J. Bremner et al., Phys. Rev. Lett 102,
190502 (2009)].
PACS numbers: 03.67.Lx, 03.67.Mn, 03.65.Ta
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I. INTRODUCTION
Quantum computation offers a new and exciting per-
spective to information processing, as it has been found
that certain problems can be solved more efficiently on a
quantum computer than on a classical device. Despite
considerable effort it is however not fully understood
which features of quantum mechanics are responsible for
the apparent speedup. Basic questions regarding the na-
ture and power of quantum computation remain largely
unanswered to date. The existence of various models for
quantum computation, among them the quantum Turing
machine [1, 2], the circuit model [3–5], adiabatic quan-
tum computation [6, 7] and measurement-based quantum
computation [8–16], seems to indicate that a straightfor-
ward answer to these fundamental issues might be diffi-
cult to obtain.
On the other hand, the different nature of the models
allows one to study these fundamental issues from differ-
ent perspectives, and it turns out that some models are
better suited than others to study a certain aspect. For
instance, the model of measurement-based quantum com-
putation, with the one-way model [13] as most prominent
representative, seems to be particularly well suited to in-
vestigate the role of entanglement in quantum computa-
tion. Such an investigation has been initiated in [17] and
further developed in [18]. In one-way or measurement-
based quantum computation (MQC) –which we use syn-
onymously throughout this article– a highly entangled
resource state, e.g. the 2D cluster state [19], is processed
by sequences of single-qubit local measurements. As has
been shown in [14], a proper choice of measurement direc-
tions allows one to generate –up to irrelevant local uni-
tary correction operation– any quantum state determin-
istically and exactly on the unmeasured qubits. In this
paper we aim at investigating the generalization of these
previous results to the case in which stochastic and/or
approximate quantum computation is allowed.
The 2D cluster state is called a universal resource for
MQC. In MQC, the role of entanglement is particularly
highlighted, as all entanglement required in the compu-
tation already needs to be present in the initial resource
state. This derives from the fact that no entanglement
measure increases under local operations and classical
communication (LOCC). This insight was recently used
in [17, 18] to investigate which other quantum states are
universal resources for MQC. Entanglement-based cri-
teria for universality have been established and many
–otherwise highly entangled– resource states, including
GHZ states [20], W states [21] and 1D cluster states
[19], have been shown to be not universal for MQC. One
should, however, emphasize that this does not mean that
such non-universal resource states are useless for quan-
tum information processing, as they might still serve to
perform some specific quantum computation or as a re-
source for some other task. On the positive side, several
other states have been identified to be universal resources
for MQC [9, 18]. Notice that we use the term “universal-
ity” in its strongest form, i.e. we consider the generation
of quantum states (universal state preparator). This has
been termed CQ-universality (where CQ stands for clas-
sical input, quantum output) in Ref. [18] and we refer the
interested reader to said work for an extended discussion
on the different notions of universality.
A. Approximate and stochastic universality
In this article we will extend the results on universality
obtained in [17, 18] to a more general and realistic setting,
which is motivated by experimental reality. More pre-
cisely, we will consider the approximate and probabilistic
generation of quantum states from a given resource state,
in contrast to the exact and deterministic generation dis-
cussed in [17, 18]. In this work we therefore focus on the
case in which the desired output states are required to be
generated only with finite accuracy (that is the output of
the computation is required to be within some distance
ε of the desired state), and with probability 1− δ. Such
an extension needs to be considered naturally whenever
the resource states are noisy, e.g. due to an imperfect
generation process or due to decoherence, but also if the
local operations used to process the state are imperfect.
The latter may again be reflected in noisy single qubit
operations, but may also result from a restriction to a
finite number of measurement settings or local unitary
operations. In all these cases, the resulting states can
only be an approximation of the desired state.
In addition, one might be interested in the generation
of states with a probability of success (arbitrary) close
to one –which we will call quasi-deterministic–, or even
only with some (arbitrary) small success probability. In
fact, similar issues are implicitly considered when one
refers to universal gate sets in the circuit model for quan-
tum computation: any finite universal gate set allows one
to approximate any state with arbitrary accuracy. No-
tice that the issue of probabilistic computation has been
deeply studied both in classical computation theory [22]
and in the quantum setting [23]. On the one hand, if it
is known when the computation succeeded, which hap-
pens, say, with probability p, then O(1/p) repetitions
allow one to obtain a valid, confirmed outcome. On the
other hand, even if it is not known whether the compu-
tation succeeded or not, but only that the correct out-
come is obtained with some probability p > 1/2, this is
still sufficient to extract the correct (classical) result of
the computation with arbitrary high probability by con-
sidering many repetitions. The first scenario also applies
without changes to the case where quantum states should
be generated (CQ universality). The second scenario is
restricted to the extraction of classical outputs (CC uni-
versality), while the resulting quantum states are in fact
mixed.
3B. Summary of results
We find that –analogously to the exact, deterministic
case– entanglement based criteria for approximate and
stochastic universality can be obtained. To formulate
these criteria, we need to consider ε-measures of entan-
glement [24] and compute their extremal values over all
states. Given any distance D on the set of states, and
any entanglement measure E, the ε-measure of a state
Eε(ρ) is defined as the minimal amount of entanglement
of all states which are ε-close (with respect toD) to ρ, i.e.
have a distance smaller than ε to ρ. We find the follow-
ing necessary criteria for efficient, approximate stochastic
universality:
• For any entanglement measure E which is a strong
extendable entanglement monotone (see below for
exact definition), we have that an approximate,
stochastic universal resource Σ which allows one to
obtain an ε-approximation of any state with prob-
ability larger than 1 − δ, must have an amount of
entanglement that is larger or equal than (1 − δ)
times the maximum of the corresponding ε-measure
Eε over all states of arbitrary size, E(Σ) ≥ (1 −
δ)maxρEε(ρ). Roughly speaking, this means that
any approximate, stochastic resource needs to be
maximally entangled with respect to all such en-
tanglement measures.
• If one takes the efficiency of computation into ac-
count, we find that for any strong extendable en-
tanglement monotone, the entanglement of the re-
source states does not only need to reach the maxi-
mum value of the corresponding ε-measure over all
states, but needs to grow sufficiently fast with the
system size.
These two criteria allow one to rule out a large num-
ber of states as being not universal in an approximate
an stochastic sense, e.g. GHZ states, W states and 1D
cluster states.
On the positive side, we present a number of approxi-
mate, quasi-deterministic resource. We find:
• There exist efficient, approximate quasi-
determinist universal resources that are not
believed to be exact, deterministic universal. For
example, a 2D cluster state where particles are
missing with a certain probability is an exact,
quasi-deterministic universal resource, while an
approximate 2D cluster state is an approximate
deterministic universal resource.
• Any state that is sufficiently close to an ap-
proximate stochastic universal resource is still an
approximate stochastic universal resource, and
the parameters quantifying approximation and
stochasticity are quadratically related to the origi-
nal ones.
In particular, this last observation has implications in
realistic (experimental) scenarios, where the preparation
of the initial entangled states is imperfect. These errors
in the preparation procedure still allow for the state to
be used for MQC, in the approximate and stochastic sce-
nario. While this might be considered intuititve and re-
sults of this type were already known for the 1-way model
(where the initial state is a 2D cluster state) [25–27], in
this paper we extend the observation to all approximate
stochastic universal resources, computing an explicit ex-
pression for the interplay between the different parame-
ters.
C. Guideline through the paper
The paper is organized as follows. In Section II we
review some of the basic concepts, related to distance
and entanglement measures respectively, which we use in
the remaining of the paper. In Section III we recall the
definition of universal resources for measurement-based
quantum computation, and see how the definition can be
generalized to the approximate and stochastic case. In
Section IV we first review some of the results found in
[18] and then show how they can be generalized in a very
natural way obtaining necessary criteria for universal re-
sources in the approximate and stochastic case. In this
Section we also show how the issue of efficiency can be
included in the analysis, obtaining in this way stronger
versions of the above-mentioned criteria. Finally, in Sec-
tion V, we give some experimentally relevant examples
of resources that are approximate deterministic, exact
stochastic and approximate stochastic universal, but not
exact deterministic universal. In particular, we show that
any family of states that is close to a universal family is
still approximate stochastic universal. Section VI sum-
marizes and concludes our results.
II. ENTANGLEMENT MONOTONES
In this section we review some essential features of en-
tanglement monotones which are relevant in the study of
universality in MQC.
In Section IIA we review the basic conditions which a
function must satisfy in order to be considered an “en-
tanglement monotone”. Furthermore, we show how these
conditions lead to the definitions of different “types” of
entanglement measures. The distinction between differ-
ent types of entanglement measures will be necessary to
allow for a proper formulation of entanglement-based cri-
teria for approximate and stochastic universality, as we
will do in section IV.
In section II B we consider a general class of monotones
called “epsilon-measures”. This class of measures was
introduced in [24] in order to study the entanglement in
4For this reason they are suitable quantities to consider in
the study of approximate universality.
In Section II C, we focus on two examples of existing
entanglement measures, namely the geometric measure
and the Schmidt-rank width. We discuss in which sense
these quantities are monotones, and we discuss their as-
sociated ε-measures.
A. Properties of entanglement monotones
The first examples of entanglement measures were
built by first considering a particular application of en-
tanglement (such as, e.g., distillation) and then deriving
a quantifier based on such an operation. This approach
led to measures that, while naturally having a clear phys-
ical interpretation, were often very hard to compute. To
evaluate, for example, the entanglement of distillation
[28] it is necessary to optimize over all purification pro-
tocols. A different approach to the problem, that one
might define “axiomatic”, has been proposed in [29]. The
starting point of this work was the idea that an entangle-
ment measure is some mathematical quantity that should
somehow capture the essential features that we associate
with entanglement. With this idea in mind, it is possi-
ble to identify a set of conditions that must be satisfied
by any such measure E. The most fundamental of these
conditions are:
P1. Vanishing on separable states: separable states do
not contain entanglement, therefore we require that
E(σsep) = 0.
P2. Monotonicity under LOCC: entanglement cannot
increase under LOCC, E(ΛLOCC[ρ]) ≤ E(ρ).
Here ΛLOCC denotes an LOCC transformation. Note
that property P2 also implies that E is invariant under
local unitaries.
Aside from these two postulates, other additional re-
quirements for entanglement measures have been formu-
lated. In particular, the following are among the most
commonly found in literature.
P3. Convexity: E(pρ1 + (1 − p)ρ2) ≤ pE(ρ1) + (1 −
p)E(ρ2).
P4. Monotonicity on average under LOCC: this con-
dition is stronger than the monotonicity condition
seen above, and is sometimes referred to as strong
monotonicity. It requires that the following holds
true
E(ρ) ≥
∑
i
piE(ρi), (1)
where ρi are the possible outputs of some LOCC
protocol acting on ρ, and occur with probability
pi.
P5. Trivial extendability: in this case, one aims at com-
paring entanglement in states of different system
size. The condition of trivial extendability states
the following: let |ψ〉 be an N -qubit state; then
one requires that E(|ψ〉|0〉) = E(|ψ〉). Here |ψ〉|0〉
is considered as an (N +1)-party state (and not as
an ancilla to one of the initial N parties), where
the (N + 1)-th party is disentangled from the rest
of the system.
Conditions P3 and P4 are often found in literature as
necessary requirements for entanglement measures. Con-
dition P5 has been introduced more recently [18], in the
context of the study of universality in MQC. Other dif-
ferent requirements have been formulated, and for a more
detailed analysis of them we refer to [30].
Depending on the set of conditions that are satisfied
by the quantity E, we can define different types of mea-
sures. In particular, we can distinguish the following
types, which we will use in the following sections.
Definition 1.
Weak entanglement monotone. A real function E is
called a weak entanglement monotone if it satisfies
conditions P1 to P3.
Strong entanglement monotone. A real function E
is called a strong entanglement monotone if it sat-
isfies conditions P1 to P4.
Extendable weak/strong monotone. An extendable
weak (strong) monotone is a weak (strong) entan-
glement monotone which additionally satisfies con-
dition P5.
Note that, in all these definitions, we are imposing the
convexity of the function. This condition is not always
deemed necessary, but the measures we consider in the
following satisfy it. We also remark that every strong
entanglement monotone is also a weak monotone. The
notion of an extendable monotone was introduced in [18]
under the name “type II monotone”.
We now define another property, related to monotonic-
ity under LOCC operations, that will be relevant in the
analysis of resources for approximate measurement-based
quantum computation.
P6. Weak non-increasing under LOCC: a function E is
weakly non-increasing under LOCC if, for any state
ρ and for any LOCC protocol ΛLOCC : ρ→ {pi, ρi},
we have E(ρ) ≥ miniE(ρi).
In other words, monotones satisfying P6 are such that at
least one of the outputs of an LOCC protocol acting on
an initial state ρ has entanglement smaller than that of
ρ. Such a condition is trivially satisfied by any strong
entanglement monotone. We conjectured [31] that P6 is
implied by weak monotonicity, but this still has not been
proved.
5To end this section, we will introduce two quantities
associated to any entanglement measure E, which play
a fundamental role both in [18] and in the results con-
tained in Section IV. The first notion is the asymptotic
entanglement of a family of states. Let Σ = {σi}i be an
(infinitely large) family of many-qubit states, and E be
entanglement monotone defined on N -qubit states, for
all N . We define the asymptotic entanglement E(Σ) of
the family as
E(Σ) = sup
σ∈Σ
E(σ). (2)
The case E(Σ) =∞ is allowed.
Second, the asymptotic entanglement E∗ of E is de-
fined as
E∗ = sup
ρ∈S
E(ρ), (3)
where the supremum is taken over all N -qubit states, for
all N ∈ N. The case E∗ = ∞ is allowed. Note that,
if E is convex, one can restrict the set over which the
supremum is taken to only the set of pure states (thus
recovering the definition found in [18]).
B. ε-measures of entanglement
The ε-monotones [24] are a class of entanglement
monotones which can be associated to any existing mono-
tone, and which depend on a precision parameter ε. They
have been introduced to address the issue of quantify-
ing the entanglement contained in a state which is only
partially known as in the case of, for example, a state
prepared using an imperfect apparatus. Given any en-
tanglement measure E, its ε-version is defined as
E(D)ε (ρ) = min{E(σ) | D(σ, ρ) ≤ ε}, (4)
where D is a distance on the set S of states which is
convex and contractive under completely positive trace
preserving maps [32], and σ, ρ ∈ S. To lighten notation
we will often omit the superscript in “E
(D)
ε ” referring to
the distance measureD when writing down an ε-measure,
and we will simply write Eε.
The quantity Eε quantifies the “guaranteed” entangle-
ment contained in a state since, by definition, any state σ
within an ε-distance of the desired state ρ has entangle-
ment E(σ) ≥ Eε(ρ). In the following we will see that the
ε-measure of a state is the crucial quantity to consider
when studying approximate preparation of such a state.
Indeed, if we aim at preparing a state which is ε-close
to ρ, then Eε(ρ) is the minimum entanglement that we
must be able to obtain from the initial resource state.
In the remainder of this section, we highlight some
relevant properties of ε-monotones.
First, it has been shown [24] that Eε is always a weak
entanglement monotone if E is. Moreover, also property
P5 illustrated above is inherited by the ε-version of a
monotone satisfying it. Therefore, the ε-version of an
extendable weak monotone is again an extendable weak
monotone. On the other side, the ε-version of an entan-
glement measure is never a strong monotone. We refer
to [24] for details.
Computing the asymptotic entanglement E∗ε for arbi-
trary ε may be a difficult task. Nevertheless, it is often
tractable to compute the asymptotic entanglement E∗ε
when we are interested in the limit ε → 0. This is par-
ticularly true in the case of continuous measures, where
the following observation holds true.
Proposition 1. If E is bounded (for any fixed dimen-
sion), convex, and continuous then limε→0+ E
∗
ε = E
∗.
Proof. Let E∗ ∈ (0,∞]. To prove the statement we have
to show that, for any µ > 0, there exists ε¯(µ) > 0 such
that ε ≤ ε¯(µ)⇒ E∗ε ≥ E∗ − µ.
Consider that, for any state ρ, we have that ε′ ≤ ε ⇒
Eε′(ρ) ≥ Eε(ρ), which implies that ε′ ≤ ε ⇒ E∗ε′ ≥ E∗ε .
Moreover, from the definition of E∗ε it follows that, for
any state ρ and for any choice of ε, E∗ε ≥ Eε(ρ). This
implies that, ∀ε ≤ ε¯(µ) and ∀ρ, we have E∗ε ≥ E∗ε¯(µ) ≥
Eε¯(µ)(ρ).
Therefore, it is sufficient to prove that
∀µ > 0 , ∃ε¯(µ), ρ(µ) such that Eε¯(µ)(ρ(µ)) ≥ E∗ − µ.
In order to do so, we first recall that, since the fam-
ily ΨC = {|CNi〉}i of two-dimensional cluster states (on
Ni = i×i qubits) is exact and deterministic universal, we
have that E(ΨC) = E
∗, for any entanglement measure
E [18]. This implies that, for any µ > 0, there exists
N(µ) := Ni(µ) such that E(|CN(µ)〉) ≥ E∗ − µ/2.
In [24], it has been shown that, if E satisfies the hy-
potheses above, then Eε is continuous in ε and ρ. Hence,
it is always possible to find an ε¯(µ,N(µ)) > 0 such that
Eε¯(µ,N(µ))(|CN(µ)〉) ≥ E(|CN(µ)〉)− µ/2.
We have thus that, for any µ > 0, there exists a state
|CN(µ)〉 and an ε¯(µ,N(µ)) > 0 such that
E∗ε¯(µ,N(µ)) ≥ Eε¯(µ,N(µ))(|CN(µ)〉)
≥ E(|CN(µ)〉)− µ/2 ≥ E∗ − µ.

In the case of discontinuous measures, such as the χ-
width [33] or the Schmidt measure [34], one has to com-
pute E∗ε on a case by case basis. We will elaborate on
the case of the χ-width in section II C.
C. Two entanglement measures
In this Section we consider two explicit examples of
entanglement measures that we use in Section IV to con-
struct criteria for approximate, non-deterministic univer-
sality. These are the geometric measure of entanglement
and the Schmidt-rank width. We discuss in which sense
6these quantities are entanglement measures, what their
asymptotic entanglement is, and how the ε-versions of
these measures behave.
1. Geometric measure of entanglement
The geometric measure of entanglement was first intro-
duced as a bipartite entanglement measure in [35] and
then generalized in [36, 37] to the multipartite setting.
The intuition behind this measure is that the more en-
tangled a state is, the more distinguishable it is from a
separable state. The monotone can be defined as follows.
Let |ψ〉 be a state of N qubits, and let pi(|ψ〉) denote the
maximum fidelity between |ψ〉 and a factorized state on
N qubits
pi(|ψ〉) = max
|ϕ〉=|ϕ1〉⊗···⊗|ϕN 〉
|〈ψ|ϕ〉|2. (5)
The geometric measure EG is defined by
EG(|ψ〉) = 1− pi(|ψ〉), (6)
This measure, defined for pure states, can be generalized
to the case of mixed states by the convex roof construc-
tion, that is:
EG(ρ) = min
{pi,|ψi〉}i
∑
i
piEG(|ψi〉), (7)
where the minimum is taken over all {pi, |ψi〉}i such that
ρ =
∑
i pi|ψi〉〈ψi|.
One can verify that such measure satisfies conditions
P1 to P5 and is, thus, an extendable strong entangle-
ment monotone (and therefore also an extendable weak
monotone).
Next we consider the ε-version of the geometric mea-
sure, and we focus on ε-measures based on distances that
are “strictly related to the fidelity”.
Definition 2. A distance D on the set of states is said
to be strictly related to the fidelity if, for any two states
ρ and σ, D(ρ, σ) ≤ ε ⇒ F (ρ, σ) ≥ 1 − η(ε), with 0 ≤
η(ε) ≤ 1 a strictly monotonically increasing function of
ε (for ε ≥ 0 and ε less than the maximum value that D
can assume) such that η(0) = 0.
An example of such a measure is the trace distance.
The following is a technical result, which is a lower
bound for (EG)ε(|ψ〉) in terms of EG(|ψ〉).
Proposition 2. Let D be a distance measure that is
strictly related to the fidelity. Further, let (EG)ε denote
the corresponding ε-geometric measure. Then, for any
pure state |ψ〉 and for any choice of ε > 0 such that
η = η(ε) . 0.44, the quantity (EG)ε(|ψ〉) is not smaller
than[
1−
(
3
√
η
2EG(|ψ〉)
)2/3] [
EG(|ψ〉)− (18EG(|ψ〉)η)1/3
]
.
(8)
The proof of Proposition 2 rather involved and will be
given in Appendix A.
The above result can be used to bound the asymptotic
ε-geometric entanglement (EG)
∗
ε. We have:
Proposition 3. Let D be a distance measure that is
strictly related to the fidelity, and let ε > 0 be such that
η(ε) ≤ 0.44, where η(ε) is such that D(ρ, σ) ≤ ε ⇒
F (ρ, σ) ≥ 1 − η(ε). If (EG)ε denotes the ε-geometric
measure with respect to distance D, then
(EG)
∗
ε ≥ 1− 4η1/3 + 3.4η2/3 (9)
Proof. Since (EG)
∗
ε is defined as the supremum over all
possible states, we have
(EG)
∗
ε ≥ (EG)ε(ΨC),
where ΨC = {|CNi〉}i is the family of two-dimensional
cluster states on Ni = i × i qubits. The geometric mea-
sure for this class of states has been computed [38], and
we have EG(|CNi〉) = 1− 2−Ni/2.
In order to prove the statement, we apply Proposition
2 to obtain
(EG)
∗
ε ≥ (EG)ε(ΨC)
≥ sup
N
{[
1−
(
3
√
η
2(1− 2−N/2)
)2/3]
[
1− 2−N/2 − (18(1− 2−N/2)η)1/3
]}
=
[
1−
(
3
√
η
2
)2/3] [
1− (18η)1/3
]
= 1− (9η
4
)1/3 − (18η)1/3 + (81
2
η2)1/3
≥ 1− 4η1/3 + 3.4η2/3.
(10)

Note that this result implies that
lim
ε→0
(EG)
∗
ε = 1. (11)
The latter also follows immediately from Proposition 1.
2. Schmidt-rank width
The Schmidt-rank width is an entanglement mono-
tone which has been introduced and investigated in
[17, 18, 33]. It has been proved that this measure is an
extendable strong entanglement monotone, and it can be
used to assess whether resources for MQC admit an effi-
cient classical simulation [33].
The Schmidt-rank width χwd of a pure state |ψ〉 com-
putes the minimum Schmidt rank χ of |ψ〉, where the
minimum is taken over a specific class of bipartitions of
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Figure 1: (a) Example of a subcubic tree T with six leaves. (b)
Tree T\e obtained from T by removing edge e, and induced bipar-
tition.
the system. More precisely, χwd(|ψ〉) is defined as fol-
lows. Let |ψ〉 be an N -partite state. We consider a sub-
cubic tree T , i.e. a graph with no cycles, where each
vertex has exactly 1 or 3 incident edges, with N leaves
(N vertices with only 1 incident edge), which we identify
with the N parties of the system (see Figure II C 2). If
e = {i, j} is an arbitrary edge of T , we denote by T \e
the graph obtained by deleting the edge e from T . The
graph then consists of two connected components, which
naturally induce a bipartition (AeT , B
e
T ) of the system. If
χAe
T
,Be
T
(|ψ〉) is the Schmidt rank of |ψ〉, with respect to
the bipartition (AeT , B
e
T ), the Schmidt-rank width of |ψ〉
is given by
χwd(|ψ〉) = min
T
max
e∈T
χAe
T
,Be
T
(|ψ〉), (12)
where the minimum is taken over all subcubic trees T
with N leaves (identified with the N parties of the sys-
tem), and χAe
T
,Be
T
(|ψ〉) is the Schmidt rank of |ψ〉 with
respect to the bipartition (AeT , B
e
T ).
The Schmidt rank width may be generalized to mixed
states by a convex roof construction.
Note that the Schmidt-rank width is not continuous,
such that Proposition 1 cannot be used to compute the
asymptotic behavior of its ε-version in the limit ε → 0.
However, it is still relatively easy to gain insight in this
matter, in the following way. First, note that
χwd(|ψ〉) ≥ Ewd(|ψ〉) (13)
for every state |ψ〉. Here Ewd(|ψ〉) denotes the entropic
entanglement width, as defined in [18]. The entropic en-
tanglement width is defined via the same optimization
procedure as the Schmidt-rank width, now with the en-
tanglement entropy as the “basic measure”. Note that
(13) implies that
(χwd)ε(|ψ〉) ≥ (Ewd)ε(|ψ〉), (14)
and thus (χwd)
∗
ε ≥ (Ewd)∗ε. Furthermore, as the entropic
entanglement width is a weak monotone which is more-
over continuous, and since E∗wd =∞, one has
(Ewd)
∗
ε
ε→0−−−→ E∗wd =∞ (15)
due to Proposition 1. We can therefore conclude that
also
lim
ε→0
(χwd)
∗
ε =∞. (16)
III. UNIVERSALITY IN MQC
In the one-way model of computation, information is
processed by means of single qubit measurements on an
initial highly entangled state. In the original proposal
[13], this state was chosen to be a cluster state, but
there is no reason to assume that this is the only pos-
sible choice. Indeed, in recent works it has been shown
that also other states can be used as a resource for
measurement-based quantum computation [9, 18]. Fol-
lowing [18], in this work we consider the case in which any
LOCC operation can be performed on the initial state.
This corresponds to allowing two way classical communi-
cation, whereas the original scheme only requires one-way
communication.
We report here the definition of universal CQ resources
used in [18], and on which the following discussion will
be based.
Definition 3 (Exact universal resources.). A family
Σ = {σi}i of states is called a universal resource for
measurement-based quantum computation if, for every N
and for every N -qubit quantum state |ϕout〉, there exists
an M -qubit resource state σ ∈ Σ and an LOCC protocol
ΛLOCC that acts in the following way
σ
ΛLOCC−−−−→ Pout ⊗ P⊗(M−N)0 , (17)
where Pout = |ϕout〉〈ϕout| and P0 = |0〉〈0|.
A. ε-approximate δ-stochastic universality
While previous works have considered the characteri-
zation of exact universal resources for MQC, we are here
more interested in considering weaker forms of universal-
ity, where the output state can be generated stochasti-
cally (with some finite success probability) or with some
finite accuracy. Note that the nature of the resource
might not be the only reason for which exact univer-
sality cannot be achieved. Indeed, as well as the circuit
model with a finite gate basis, one can consider the case
of one-way quantum computation where there are, e.g.,
only finite possible measurement directions [39]. Also,
one must consider the fact that any experimental im-
plementation will introduce some source of error in the
computation. In order to take these factors into account,
in the following we define the concepts of δ-stochastic
and ε-approximate universality. In a realistic scenario,
one is expected to be interested mainly in approximate
stochastic (or quasi-deterministic) universality.
Definition 4 (ε-approximate δ-stochastic universal re-
sources). A family of states Σ = {σi}i is called ε-
approximate, relatively to a distance measure D, and
δ-stochastic universal if for every N and for every N -
qubit quantum state |ϕout〉, there exists an M qubit state
σ ∈ Σ and an LOCC protocol with output branches
{pi, ρi} such that the sum of the probabilities pi for the
8branches where Di = D(ρi, Pout ⊗ P⊗M−N0 ) ≤ ε (where
Pout = |ϕout〉〈ϕout| and P0 = |0〉〈0|) is larger than 1− δ.
First, as regards the case of δ-stochastic universality,
we do not require that the output state is generated de-
terministically, but it is sufficient that this happens under
stochastic LOCC (SLOCC) with sufficiently high proba-
bility, that is
psuccess =
∑
i:ρi=Pout⊗P
⊗(M−N)
0
pi ≥ 1− δ.
In particular, when δ can be made arbitrary small, we
may call this quasi-deterministic universality, which is
stronger than δ-stochastic universality for a fixed δ .
Second, as regards ε-approximate universality, we re-
quire the output of the computation is generated approx-
imately with accuracy ε, as is the case for the quantum
circuits built from a finite universal set of elementary
gates. Precisely, D can be any distance measure on the
set of states, that is contractive under LOCC and convex.
The choice of the appropriate measure might depend on
the task for which the output state is required (see, for
example, the related discussion in [40]).
B. Efficient universality
We now consider the issue of how to generalize the
concept of efficient universality to the approximate and
stochastic cases. In order to do so, let us first recall the
definition of exact efficient universality [18].
Definition 5 (Exact efficient universal resources). A
family of states Σ = {σi}i is called an efficient exact
universal resource for measurement-based quantum com-
putation if, for every N and for every N -qubit quan-
tum state |ϕout〉 which can be obtained by a poly-sized
quantum circuit, there exists an M -qubit state σ ∈ Σ,
with M ≤ O(poly(N)), such that the transformation
σ → |ϕout〉|0〉⊗(M−N) is possible by means of LOCC in
time that is at most poly(N) and using classical process-
ing that is polynomially bounded in space and time.
This definition can be easily extended to the approx-
imate and stochastic case, when the desired accuracy ε
and success probability δ are fixed. In this case one has
the following
Definition 6 (Efficient ε-approximate δ-stochastic uni-
versal resources). Let |ϕout〉 be any N–qubit quantum
state that can be generated efficiently, i.e. with a poly–
sized quantum circuit, from a product state in the net-
work model, and let Pout = |ϕout〉〈ϕout|. A family of
states Σ = {σi}i is efficient ε-approximate (with respect
to some distance D) δ-stochastic universal if there exists
an M -qubit state σ ∈ Σ, with M ≤ O(poly(N)), and an
LOCC protocol with output branches {pi, ρi}i such that∑
i:D(ρi,Pout⊗P
⊗(M−N)
0 )≤ε
pi ≥ 1− δ
(with P0 = |0〉〈0|) that can be implemented in O(poly(N))
time, using classical side processing that is bounded in
space and time by poly(N).
For approximate and stochastic computation, in many
cases it is meaningful and interesting to take into ac-
count also the scaling of the overhead with the desired
accuracy ε and success probability δ. In the circuit
model, the scaling with the accuracy is determined by
the Solovay-Kitaev theorem [41]. Similarly, in the one-
way model we require that the scaling of the overhead
in spatial, temporal and computational resources with ε
is O(poly(m, log(1/ε))) for states that can be produced
with m gates in the network model. Notice that we allow
for a polynomial increase of resources with respect to the
number of elementary gates m, as it is also done in the
definition of exact efficient universality. It follows that
any state that can be generated efficiently in the network
model, i.e. with poly(m) elementary gates, should be
approximated with accuracy ε with overhead that scales
O(poly(m, log(1/ε))) in the measurement-based model.
As regards the scaling with the probability parameter
δ, we claim that it should be treated in a way analogous
to the accuracy, based on the following observation. Let
us consider the following observation, in which we see
that the two parameters δ and ε indeed play the same
role when we try to determine the fidelity between the
desired output of a computation on an ε-approximate δ-
stochastic resource and the real output of the protocol.
Observation 1. Let us consider a universal ε-
approximate δ-stochastic resource Σ = {σi}i, and let
ΛLOCC, such that σ → {pi, ρi}i, be the LOCC protocol
for some output |ϕout〉. We can, almost equivalently, con-
sider ΛLOCC to be performing the following transforma-
tion: σ → ρ = ∑i piρi. Computing the fidelity between
the desired output state |ϕout〉 and ρ, one finds that this
leads to the bound F (ρ, |ϕout〉) ≥ (1− ε)(1− δ).
However, since the counterpart of the Solovay-Kitaev
theorem for the success probability δ has not been found,
it is not clear how we could attain an efficient scaling
by poly(log(1/δ)) in practice. Thus, we provide here a
natural definition for efficient approximate and stochastic
universal resources [42].
Definition 7 (Efficient approximate stochastic universal
resources). Let |ϕout〉 be any N–qubit quantum state that
can be generated efficiently, i.e. with a poly–sized quan-
tum circuit, from a product state in the network model,
and let Pout = |ϕout〉〈ϕout|. A family of states Σ = {σi}i
is efficient approximate (with respect to some distance
D) stochastic universal if, for all ε, δ > 0, there exists an
M -qubit state σ ∈ Σ, with M ≤ O(poly(N, 1δ , 1ε )), and an
LOCC protocol with output branches {pi, ρi}i such that∑
i:D(ρi,Pout⊗P
⊗(M−N)
0 )
pi ≥ 1− δ
(with P0 = |0〉〈0|) that can be implemented in
9O(poly(N, 1δ , 1ε )) time, using classical side processing that
is bounded in space and time by poly(N, 1δ ,
1
ε ).
IV. CRITERIA FOR UNIVERSALITY AND
NO-GO RESULTS
In this Section we prove some necessary conditions for
ε-approximate δ-stochastic universality, based on some
entanglement properties of the resource. These results
can be interpreted as a generalization of the ones ob-
tained in [18], even though in some cases they require
stronger assumptions on the entanglement monotone
used to quantify the entanglement of the resource.
In [18] it was noticed that any deterministic exact uni-
versal resource Σ must be such that, for any extendable
entanglement measure E, E(Σ) = E∗. By evaluating
E∗ in the case of different entanglement measures it was
possible to show how some families of states (e.g. W
states, 1-dimensional systems,...) could not be exact de-
terministic universal. In the case of ε-approximate and
δ-stochastic universality, we show that a similar (but,
naturally, weaker) result still holds true, where E∗ is
substituted with E∗ε . As we shall see in the following,
though, in these more general cases it is necessary to
consider entanglement measures E satisfying some prop-
erties in addition to those required from the measures
considered in [18].
While we are interested in the most general case of
ε-approximate and δ-stochastic resources, we shall first
treat the issue of ε-approximate deterministic (i.e. ε-
approximate and δ-stochastic, with δ = 0) resources sep-
arately.
A. ε-approximate deterministic universality
Theorem 1 (Criterion for ε-approximate deterministic
universality). Let E be an extendable monotone that is
weakly non-increasing under LOCC (as defined in Sec-
tion IIA), and let Σ = {σi}i be an ε-approximate uni-
versal resource, with respect to some distance D. Then
E(Σ) ≥ E∗ε . Furthermore, if Σ is an approximate uni-
versal resource, then
E(Σ) ≥ lim
ε→0+
E∗ε . (18)
Proof. Let us fix the distance measure D, let |ϕout〉 be
any N -qubit state and Pout = |ϕout〉〈ϕout|. Since Σ is
ε-approximate deterministic universal, there exist anM -
qubit state σ ∈ Σ and an LOCC protocol σ → {pi, ρi}
such that D(ρi, Pout) ≤ ε ∀i. Thus, for all i,
E(ρi) ≥ min
ρ
{E(ρ)|D(ρ, Pout ⊗ P⊗(M−N)0 ) ≤ ε}
= Eε(|ϕout〉 ⊗ |0〉⊗M−N ) ≥ Eε(|ϕout〉),
(19)
where P0 = |0〉〈0| and in the last inequality we have used
that, since E is an extendable monotone, also Eε is [24].
Since (19) holds for all ρi, and we have assumed that
E is weakly non-increasing under LOCC, we have:
E(σ) ≥ min
i
E(ρi) ≥ Eε(|ϕout〉) . (20)
The first part of the theorem is proved by considering the
fact that |ϕout〉 is allowed to be any state. The second
part of the theorem follows from the fact that Eε, and
thus E∗ε , is monotonically non-increasing with ε.
If Σ is an approximate deterministic universal resource,
then the previous result must hold true for any value of
ε > 0. 
As we have mentioned above, computing E∗ε can in
general be a hard task. Nevertheless, we have seen how
this is possible at least in some particular cases. When-
ever this happens, we can use Theorem 1 to generalize
the results obtained in the exact deterministic case also
to the approximate (or even ε-approximate) determin-
istic one, and show that some classes of states are not
universal even in the approximate cases. These include,
for examples, all graph states whose underlying graph has
bounded rank-width, such as, e.g., tree graphs or cycle
graphs (which have bounded χ-width) [17, 33].
Moreover, Proposition 3 also allows us to show that the
family ofW states [21] is not ε-approximate universal for
values of ε smaller than some finite ε¯.
Example 1. Let us consider the family ΨW = {|WN 〉}N ,
where |WN 〉 is the N -qubit W state
|WN 〉 = 1√
N
N∑
i=1
|eN,i〉,
and where |eN,i〉 is defined to be the N -qubit computa-
tional basis state with a |1〉 in the i-th position, and |0〉
elsewhere. If D is a distance measure that is strictly re-
lated to the fidelity (see Definition 2), then we have that
ΨW is not an ε-approximate universal resource for any
ε < ε¯, where ε¯ depends on the choice of distance and is
such that η(ε¯) ≃ 0.1%, where η is defined as in Definition
2.
Proof. If pi(WN ) is defined as in Section II C, we can con-
sider pi(ΨW ) = supWN∈ΨW pi(WN ). Since it can be shown
(c.f. Ref. [18]) that pi(ΨW ) = 1/e, it follows that
EG(ΨW ) = 1− 1
e
.
The statement follows immediately from Proposition 3,
since we have that
E
(ε)∗
G ≥ 1− 4η1/3 + 3.4η2/3 > 1− 1/e = EG(ΨW ), (21)
for any choice of ε such that η(ε) . 0.1%, and where η =
η(ε) is such that D(ρ, σ) ≤ ε⇒ F (ρ, σ) ≥ 1− η(ε). 
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B. ε-approximate δ-stochastic universality
Let us consider, now, the case of ε-approximate and
δ-stochastic universality. Also in this case we can for-
mulate a criterion which generalizes the results obtained
in [18] for exact deterministic universal resources, even
though it is necessary to impose further requirements on
the entanglement measure from which the criterion is de-
rived.
Theorem 2 (Criterion for ε-approximate δ-stochastic
universality). Let E be an extendable strong monotone,
and let Σ = {σi}i be an ε-approximate (with respect to a
distance D) δ-stochastic universal resource. Then
E(Σ) ≥ (1 − δ)E∗ε , (22)
where Eε is the ε-generalization of E with respect to D.
Proof. Let us fix the distance measure D, let |ϕout〉 be an
N -qubit quantum state and Pout = |ϕout〉〈ϕout|. Since Σ
is ε-approximate deterministic universal, there exist an
M -qubit state σ ∈ Σ and an LOCC protocol σ → {pi, ρi}
such that ∑
ε−close
pi ≥ (1− δ),
where P0 = |0〉〈0| and where the sum is taken over all
indices i such that D(ρi, Pout⊗P⊗(M−N)0 ) ≤ ε. We have
then
E(σ) ≥
∑
i
piE(ρi) ≥
∑
ε−close
piE(ρi)
≥
∑
ε−close
pimin{E(ρ)|D(Pout ⊗ P⊗(M−N)0 , ρ) ≤ ε}
=
∑
ε−close
piEε(Pout ⊗ P⊗(M−N)0 )
≥ (1− δ)Eε(Pout ⊗ P⊗(M−N)0 )
≥ (1− δ)Eε(|ϕout〉),
where in the first inequality we have used the fact that E
is a strong monotone, and the last inequality follows from
the fact that E and, consequently, Eε are extendable
monotones. 
An immediate consequence of this Theorem is the fol-
lowing
Corollary 1. Let us consider an strong monotone E,
and let Eε be its ε-generalization (with respect to some
distance D) such that E∗ε =∞. Then any ε-approximate
δ-stochastic universal family of resources Σ is such that
E(Σ) =∞,
for all fixed values of δ < 1.
Note that this implies that those families that were
shown not to be approximate deterministic universal in
the previous family are also not approximate δ-stochastic
universal, for all values of δ < 1.
C. Efficiency in the approximate and stochastic
case
In the previous paragraphs, we have only considered
criteria for universality, without taking efficiency into
account. We will see now how these criteria can be
strengthened to become necessary conditions for efficient
ε-approximate and δ-stochastic universality. In order to
do so, the strategy will be analogous to the one followed
in [18] in the exact and deterministic case, and is based
on the following observation:
Observation. A set of states Σ = {σi}i is an effi-
cient ε-approximate δ-stochastic resource if and only if
all 2-dimensional cluster states |Cd×d〉 (for all d) can be
prepared efficiently from the set Σ by LOCC with success
probability p ≥ (1− δ) and with accuracy ε.
Proof. The necessity of the condition is immediate. The
sufficiency follows from the fact that a family composed
of states each of which is close to a cluster state is ε-
approximate δ-stochastic universal for any choice of ε
and δ (see Section VC). 
As in the exact deterministic case, we see that the scal-
ing of entanglement plays a major role when one consid-
ers efficiency-related issues.
Theorem 3 (Criterion for efficient ε-approximate
δ-stochastic universality). Let Σ = {σi}i be an ε-
approximate (with respect to some distance D) δ-
stochastic universal family, where σi is a state on Ni
qubits. Let us consider an extendable strong entangle-
ment monotone E, and let fε be a function such that,
for every 2-dimensional cluster state |Cd×d〉 on N = d2
qubits, one has
Eε(|Cd×d〉) ≥ fε(N),
where Eε is the ε-generalization of E with respect to D.
If E(σi) scales as log fε(Ni), then Σ cannot be an efficient
ε-approximate and δ-stochastic universal resource.
Proof. Since we have assumed that Σ is an ε-approximate
δ-stochastic universal resource, for any N = d2 there
must exist a g(N)-qubit state σg(N) ∈ Σ and an LOCC
protocol σg(N) → {pi, ρi}i such that∑
ε−close
pi ≥ (1− δ),
where the sum is taken over the indices i such that
D(|ϕi〉, |Cd×d〉|0〉⊗(g(N)−N)) ≤ ε. From what we have al-
ready seen (see the proof of Theorem 2), it follows that,
necessarily
E(σg(N)) ≥ (1− δ)Eε(|Cd×d〉) ≥ (1− δ)fε(N).
In order for Σ to be an efficient resource, though, it is
necessary that g(N) is at most polynomial in N , and
thus, following an argument parallel to that in Theorem
9 of [18], we can conclude that E(Σ) cannot scale loga-
rithmically with fε(N). 
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We emphasize that the family of two-dimensional clus-
ter states in principle does not play a distinguished role in
Theorem 3, in the sense that it can be replaced -without
weakening or strengthening the result- by any arbitrary
efficient universal family or, in fact, any family of states
which themselves also can efficiently be prepared.
Example 2. Based on the criterion by Theorem 3, the
states whose Schmidt-rank width have a polylogarith-
mic scaling in N are not efficient exact deterministic uni-
versal resources as shown in Ref. [18], nor efficient ε-
approximate and δ-stochastic universal resources. These
include the cluster state on the 2D stripe d × log d, and
the cluster state on the faulty 2D lattice with a site occu-
pation probability p ≤ pc, as mentioned later in Sec. V.
V. EXAMPLES OF ε-APPROXIMATE AND/OR
δ-STOCHASTIC UNIVERSAL RESOURCES
In this section we provide examples of families of states
that are universal resource states when we relax our re-
quirements for universal MQC to ε-approximate and/or
δ-stochastic universality.
A. 2D cluster state with holes as an exact
quasi-deterministic resource
Our model is a faulty 2D cluster state in which qubits
get entangled after qubits are prepared with partial losses
(called holes here) in the background 2D square lattice
with total sizeM = N2, where N is the side length. The
lattice-site occupation probability is denoted as psite, and
thus the hole probability is given by 1−psite. We assume
here that every hole occurs independently according to
the probability, and the locations of these holes are her-
alded. It is conceivable, for example in the implemen-
tations by optical lattice, that we may be able to check
whether atoms are stored for each site before creating the
2D cluster state, and thus without destroying entangle-
ment.
That is why, our faulty 2D cluster state with holes is
considered to be a pure graph state corresponding to a
specific configuration of holes, in contrast with the sta-
tistical ensemble (classical mixture of several configura-
tions) characterized by psite. All statistical statements,
such as the percolation phenomenon, are meant to hold
true almost with certainty (more precisely, with probabil-
ity approaching unity in the thermodynamical limit), for
all the possible realizations of the configuration of holes
with a given psite.
Example 3 ([43]). A family of 2D cluster states with
holes (characterized by increasing total size M) is an ef-
ficient exact quasi-deterministic universal resource if and
only if the site occupation probability psite is greater than
the percolation threshold pc = 0.5927 . . . of the 2D square
lattice.
Proof. The detailed proof is available in Ref. [43], in
which the phase transition of the computational power of
the 2D cluster state with holes was proved at the above
mentioned threshold pc. See also a preceding work [44]
for the use of percolation theory to prepare cluster states
by non-deterministic gates.
In the supercritical phase (psite > pc), it has been
shown that if a preprocessing by polynomial-time classi-
cal computation is provided, we can construct an LOCC
conversion which concentrates a perfect 2D cluster state
from a faulty cluster state with a constant overhead (de-
pending only on psite). Such an LOCC conversion works
almost with certainty (namely, with success probability
of LOCC conversion approaching unity exponentially in
L), and will produce the 2D cluster state with fidelity ex-
actly one when it is available. That is why the resource
is efficient exact quasi-deterministic universal.

B. Deformed 2D cluster state as an exact
quasi-deterministic resource
We now give an example of universal resources which
is not a graph state. Let us consider a local deformation
of the 2D N ×N cluster state |CN×N 〉,
|dCN×N 〉 =
(
2
1 + λ2
)N2/2
Λ⊗N
2 |CN×N 〉, (23)
where Λ = diag(1, λ) is the local deformation
parametrized by λ such that, without loss of general-
ity, 0 ≤ λ ≤ 1. We call it a deformed 2D cluster
state whereby the perfect 2D cluster state corresponds
to λ = 1. The deformed 2D cluster state can be seen as a
“noisy” 2D cluster state resulting probabilistically from
the local filtering operation Λ. Note however that the
fidelity with the perfect 2D cluster state is
(
(1+λ)2
2(1+λ2)
)M
,
i.e., exponentially small in the number M = N2 of the
total qubits, so that the inverse transformation to the
perfect 2D cluster state (with the same size) will succeed
only with an exponentially small probability. Neverthe-
less, we show that one single copy of such a system can
be an efficient resource, regardless of its size M , when λ
lies above a certain threshold.
Example 4. A family of the 2D deformed cluster states
(with the total size M increasing) is an efficient exact
quasi-deterministic universal resource if the deformation
parameter λ is larger than 0.6490 . . . .
Proof. We show that one can convert the deformed clus-
ter state |dCN×N 〉 by means of LOCC deterministically
into a graph state corresponding to a 2D N ×N square
lattice with holes. We apply local 2–outcome measure-
ments described by POVM {Λ−1 = diag(λ, 1), Λ−1 =
diag(
√
1− λ2, 0)} at each qubit. If the outcome Λ−1 oc-
curs, we successfully “undo” the effect of deformation,
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while when the outcome Λ−1 happens, the qubit is pro-
jected into |0〉 so that it corresponds to a deletion of the
vertex with attached edges (i.e., a hole) in the 2D cluster
state. The probability of these successful events, which
is independent of the position of qubits, determines the
site occupation probability,
psite =
2λ2
1 + λ2
. (24)
It should be noted that this expression is independent
of the system size M . According to the threshold pc of
the 2D cluster state with holes, it is now clear that if
λ > λc ≈ 0.6490 . . . the resulting resource is efficient ex-
act quasi-deterministic universal, so is true for the orig-
inal deformed 2D cluster state. We remark that here
λ > 0.6490 . . . is merely a sufficient condition for being
efficiently universal.

C. A noisy cluster state as an ε-approximate
deterministic resource
Example 5. Let Σ = {σi}i be a family of mixed states
such that, for all i, σi = (1−p)|CNi〉〈CNi |+p|C˜Ni〉〈C˜Ni |,
where |CNi〉 is the 2-dimensional cluster state on Ni =
i × i qubits, and |C˜Ni〉 is obtained from |CNi〉 by ap-
plying a phase flip σz on a single qubit, so that |C˜Ni〉
has a −1 eigenvalue only at the corresponding stabilizer
operator. Note that p is independent of the total system
size Ni, because of the (unrealistic) assumption that only
one phase flip can happen. Let D be a convex distance
measure on the set of states such that D(ρ, σ) ≤ 1 for all
ρ and σ [45]. Then Σ is an ε-approximate deterministic
universal resource, relatively to D, for ε ≥ p.
Proof. Let us consider any output state |ϕout〉 and let
Pout be the projector onto such a state. Since the fam-
ily of cluster states is exact and deterministic univer-
sal, then there exist a state |CNi〉 and an LOCC pro-
tocol that, acting on |CNi〉, generates the state |ϕout〉.
This means that there exists an LOCC protocol ΛLOCC
such that ΛLOCC[|CNi〉〈CNi |] =
∑
k pkP
(A)
out ⊗P (R)k , where
Pk = |k〉〈k| are projectors onto orthogonal states of some
register R. We have thus
ΛLOCC[σi]
= (1− p)ΛLOCC[|CNi〉〈CNi |] + pΛLOCC[|C˜Ni〉〈C˜Ni |]
= (1− p)
∑
k
pkP
(A)
out ⊗ P (R)k + p
∑
k
p˜kτ
(A)
k ⊗ P (R)k
where ΛLOCC[|C˜Ni〉〈C˜Ni |] =
∑
k p˜kτ
(A)
k ⊗ P (R)k . Since
both |CNi〉 and |C˜Ni〉 are 2-dimensional cluster states on
Ni qubits, we have that the probability of each output
branch is the same and is given by [14]
pk = p˜k =
1
2Ni−m
,
where Ni−m is the number of qubits that are measured.
We can thus write the final state of the system plus the
register as
ΛLOCC[σi] =
∑
k
1
2Ni−m
[(1 − p)P (A)out + pτ (A)k ]⊗ P (A)k .
The k-th output branch, thus, yields a state ρk = (1 −
p)Pout + τ
(k) such that
D(ρk, Pout) = D((1 − p)Pout + pτ (k), Pout)
≤ (1 − p)D(Pout, Pout) + pD(τ (k), Pout)
≤ p,
where the first inequality derives from the convexity of
the distance D, and the second one follows from the fact
that D(ρ, σ) ≤ 1. Since this holds for all the output
branches, we obtain that the state |ϕout〉 has been pro-
duced ε-approximately (for any ε ≥ p) and determin-
istically. The proof is completed by noticing that the
argument holds for any desired output state |ϕout〉. 
We remark that a similar result holds not only for mix-
tures of two cluster states, but also for states of the form
σi = (1 − p)|CNi〉〈CNi |+ p
∑
k
λk|CkNi〉〈CkNi |, (25)
where
∑
λk = 1, k is a binary vector of length Ni where
kj ∈ {0, 1} corresponds to qubit j, and CkNi is a 2D clus-
ter state which is obtained from |CNi〉 by applying (σjz)kj
to qubit j, i.e. |CkNi〉 =
∏
(σjz)
kj |CNi〉. Notice that the
|CkNi〉 form a basis, and hence the noise term can also
be the identity. Also the action of local Pauli noise chan-
nels acting on the individual qubits leads to states of this
form [46]. The key insight is again that the success prob-
ability for each branch is the same for all noise terms,
leading to a distance D(ρk, P ) ≤ p for the output states,
independent of the measurement outcomes.
We also mention that a similar resource with the sub-
sections VB and VC has been considered recently in
Ref. [47] through the analysis of the thermal state for
the cluster-state Hamiltonian with a local σz field.
D. Stability of universal resources
Let us consider a scenario in which one wants to ex-
perimentally implement some measurement-based com-
putation. In this case, it is natural to assume that the
initial resource cannot be prepared exactly. In the fol-
lowing Theorem 4, we analyze this case, giving a proof of
the stability of universal resources under initial pertur-
bation, and determining an expression for the worsening
of the probability and accuracy parameters as a func-
tion of the error in the initial preparation. Furthermore
this also formally proves (taking into account the effect
on both parameters ε and δ) the intuitive idea that the
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computation on the approximate states can take place
by means of the same LOCC protocol, thus the exact
knowledge of the state is not necessary. This also implies
that if computation on the original states was efficient,
then it remains so also on the new states. Notice however
that we do not consider here the case in which the LOCC
protocol itself is faulty.
Theorem 4. Let D be a convex, bounded distance mea-
sure strictly related to the fidelity, such that the maximum
distance between any two states be unity [48]. Let us con-
sider an (efficient) ε-approximate (with respect to D) δ-
stochastic universal resource Γ = {γi}i, with δ + ε < 1.
Moreover, let Σ = {σj}j be a family of states such that,
for any γ ∈ Γ, there exists a state σ ∈ Σ with D(σ, γ) ≤ µ
(for some µ ≤ 1 − δ − ε). Then Σ is an (efficient)
ε′-approximate δ′-stochastic universal resource for any
choice of ε′ and δ′ such that
δ′η(ε′) ≥ η(ε+ δ + µ),
where η(ε) is such that D(ρ, σ) ≤ ε⇒ F (ρ, σ) ≥ 1− η(ε)
[49].
Its proof is given in Appendix B. Note that, in general,
δ′ and ε′ will have to be (polynomially) larger than δ and
ε. If D is the trace distance, then we have η(ε) ≥ ε thus
obtaining that one can always find ε′ and δ′ satisfying
the condition:
δ′ε′ ≥ ε+ δ + µ.
Note that the condition we have found implies that δ′
and ε′ must be larger than, respectively, δ and ε.
More importantly, though, Theorem 4 implies that,
whenever Γ is an (efficient) deterministic exact universal
resource, then one can choose any δ′ and ε′ such that
δ′ε′ ≥ µ. We have thus the following
Corollary 2. Let Σ = {σi}i be an (efficient) exact deter-
ministic universal resource and D be any distance mea-
sure strictly related to fidelity. Then, for every δ, ε > 0
there exists a µ > 0 such that any family Σ˜ = {σ˜i}i
with D(σi, σ˜i) ≤ µ, ∀i is an (efficient) ε-approximate
(with respect to D) δ-stochastic universal resource. Fur-
thermore, if output |ϕout〉 is obtained by applying LOCC
protocol ΛLOCC on a state σi ∈ Σ, then the same protocol
can be used on the corresponding state σ˜i ∈ Σ˜ to produce
an output that, with probability p ≥ (1 − δ), is within
distance ε from |ϕout〉.
This implies, in particular, that any family composed
of states that are close enough to, e.g., a cluster state is
ε-approximate δ-stochastic universal for some non-trivial
choice of ε and δ.
VI. CONCLUSIONS AND OUTLOOK
In this paper we have studied the issues of approxi-
mate and stochastic universality in measurement-based
quantum computation. We have defined the concepts of
approximate and stochastic universality, and shown how
these concepts are not equivalent to each other by provid-
ing examples of resources that are approximate and de-
terministic universal, or exact stochastic universal. Gen-
eralizing the results obtained in [18], we have presented
entanglement-based criteria that must be satisfied by any
approximate (stochastic) universal resource. Moreover
we have shown that such criteria are strong enough to
allow us to discard some well-known families of states
as non-universal, including e.g. GHZ states, W-states
and 1D cluster states. The issue of efficiency has also
been discussed, and we have shown how the previous re-
sults can be strengthened to include the request that a
universal family of resources also allows for efficient com-
putations. We found that entanglement needs to grow
sufficiently fast for any approximate stochastic universal
resource.
On the other side, we have provided examples of re-
sources that are approximate and/or stochastic univer-
sal. In particular, we have studied the case of a fam-
ily of states that is only an approximation of some (ε-
approximate and/or δ-stochastic) universal family. We
have given a formal proof of the fact that such a family
is always ε′-approximate and δ′-stochastic universal, and
found an explicit bound for the scaling of the parame-
ters ε′ and δ′ as functions of the original parameters ε
and δ, and of the degree of approximation of the family
itself. The proof also formalizes the intuitive idea that
the computation on the approximate family can be per-
formed by means of the same protocol that was devised
for the exact family. In particular this means that if the
initial resource was efficient universal, then also the ap-
proximate one is.
While we have found that basically any well behaved
entanglement monotone can be used to obtain criteria
for approximate and stochastic universality, one of the
quantities considered in [18], the entropic entanglement
width, does not fall under this category as it is not an
entanglement monotone (in the terminology of [18], more
precisely, not a type-I monotone). For this measure it is
not clear whether the results obtained for the exact, de-
terministic case can be lifted to the approximate, stochas-
tic case. This affects in particular results about non-
universality of states with a bounded or logarithmically
growing block-wise entanglement, such as ground states
of strongly correlated 1D quantum systems. We have also
not touched the issue of encoded universality [18], where
the desired quantum states need only be generated in an
encoded form. Also in this case it should be possible
to obtain entanglement based criteria for approximate
stochastic encoded universality, using the methods and
techniques developed in this paper.
Finally, we would like to comment in relation to the
results presented in [50, 51], where it is shown that a
randomly chosen generic pure state (in other words the
majority of all states) is no more useful as a resource for
measurement-based quantum computation than a string
14
of random classical bits, despite the fact that the former
is colloquially often said to be almost maximally entan-
gled.
Particularly related to the results presented in this
paper, is the fact (proved in Ref. [51]) that a family
of states |ψM 〉 on M qubits, whose geometric measure
scales as EG(|ψM 〉) ≥ 1− 2−M+O(log2M) cannot provide
a super-polynomial speed-up over classical computation
with the aid of randomness and thus it is conceivably not
a universal resource (unless the class of decision problems
solvable by a probabilistic Turing machine in polynomial
time with bounded error (BPP) coincides with the class
of decision problems solvable by a quantum computer in
polynomial time with bounded error (BQP)).
Note that it is required that the scaling of the geo-
metric measure is even faster (by a constant factor in the
front ofM in the exponent) than that of the cluster state
for any spatial dimension, EG(|CM 〉) = 1− 2−⌊M/2⌋ [38],
and thus these states |ψM 〉 can be considered highly en-
tangled with regards to this measure (in the sense that
such a family would not fail the criterion for universality
based on the geometric measure).
There are two kinds of examples in Ref. [51] which are
shown to have such a scaling of the geometric measure.
The first example is given by generic Haar-random pure
states. It is not clear for us whether they also pass the
necessary conditions illustrated in the previous sections if
one considers other entanglement measures, although it is
possible. However, it should be noted that these states al-
ready inherit “unphysical” complexity as resource states
since it might not be possible to prepare them in a time
polynomial in M .
The second, efficiently preparable, example is given by
a tree tensor network state. While in [51] it is shown
that these states have indeed high geometric measure, it
should be noted that its Schmidt-rank width is bounded
without reaching the maximum (because of the constant
tree width [52]). We could therefore interpret that its
uselessness (as a universal resource for MQC) originates
from being too little entangled in terms of the Schmidt-
rank width: the family would in fact fail the criteria il-
lustrated in the previous sections when one bases them
on this entanglement measure.
It would be interesting to see whether it is possible to
find necessary criteria such as the ones shown in this work
that allows us to discard random pure states (and some
pseudo random pure states which are efficiently prepara-
ble in case they are not universal either (cf. [53])) as non-
universal. It is possible that such states already fail the
criteria for some existing entanglement measure (other
than the geometric measure), but it might prove neces-
sary to identify a new one in order to obtain this result.
We note that randomness in the description of the re-
source does not necessarily taint its usefulness immedi-
ately, as can be seen for instance by our Example 3.
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Appendix A: Proof of Proposition 2
In order to prove Proposition 2, we will first prove the
following result.
Proposition 4. Let D be a distance measure on the set
of states that is strictly related to the fidelity, and let E
(ε)
G
denote the corresponding ε-geometric measure. Then, for
any pure state |ψ〉 and for any ε > 0,
EG(|ψ〉) ≥ (EG)ε(|ψ〉)
≥ max
∆>0
(
1− η(ε)
∆
)(
EG(|ψ〉)− 3
√
∆
) (A1)
where η(ε) is such that D(ρ, σ) ≤ ε⇒ F (ρ, σ) ≥ 1−η(ε).
This result will yield the proof of Proposition 2. In-
deed, let us consider the right-hand-side of the inequality
(A1). We have that
(EG)ε(|ψ〉) ≥ max
∆>0
(
1− η
∆
)(
EG(|ψ〉)− 3
√
∆
)
= EG(|ψ〉) + max
∆>0
(3η/
√
∆− 3
√
∆− EG(|ψ〉)η/∆)
≥ EG(|ψ〉)−min
∆>0
(3
√
∆+ EG(|ψ〉)η/∆).
Proposition 2 is then proved straightforwardly by show-
ing that, for η ≤ 0.44 the above minimum is obtained by
∆ =
(
2
3EG(|ψ〉)η
)2/3
.
We now prove Proposition 4. In order to do this we
will need the following two lemmas.
Lemma 1. Let ρ be a mixed state. Then, for any de-
composition ρ =
∑
i pi|ψi〉〈ψi| of ρ into pure states, one
has that
〈ψ|ρ|ψ〉 ≥ 1− η ⇒
∑
i:|〈ψi|ψ〉|2≥1−∆
pi ≥ 1− η
∆
, (A2)
for any choice of η ∈ [0, 1] and ∆ > 0.
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Proof. The statement is proved as follows.
1− η ≤ 〈ψ|ρ|ψ〉 =
∑
i
pi|〈ψi|ψ〉|2
=
∑
i:∆−close
pi|〈ψi|ψ〉|2 +
∑
i:∆−far
pi|〈ψi|ψ〉|2
≤
∑
i:∆−close
pi + (1−∆)
∑
i:∆−far
pi
=
∑
i:∆−close
pi + (1−∆)
(
1−
∑
i:∆−close
pi
)
= 1−∆+∆
∑
i:∆−close
pi
where by “close” and “far” we refer respectively to those
values of the indices i such that |〈ψi|ψ〉|2 ≥ 1 − ∆ or
|〈ψi|ψ〉|2 < 1−∆ respectively. 
Lemma 2. For any two pure states |ψ〉 and |ψ˜〉 such
that |〈ψ|ψ˜〉|2 ≥ 1− η the following holds:∣∣∣EG(ψ)− EG(ψ˜)∣∣∣ ≤ 3√η
Proof. Let |ψ〉 and |ψ˜〉 be two pure states such that
|〈ψ|ψ˜〉|2 ≥ 1 − η, and let |Φ〉 and |Φ˜〉 be completely
factorized pure states such that |〈ψ|Φ〉|2 = pi(ψ) and
|〈ψ˜|Φ˜〉|2 = pi(ψ˜). Then,√
1− pi(ψ˜) = DTr(|ψ˜〉, |ϕ˜〉) ≤ DTr(|ψ˜〉, |ϕ〉)
≤ DTr(|ψ˜, |ψ〉〉) +DTr(|ψ〉, |ϕ〉)
≤ √η +
√
1− pi(ψ),
where the equality follow from the properties of the trace
distance for pure states, and the inequalities follow re-
spectively from the fact that |ϕ˜〉 is the pure state with
minimum distance from |ψ〉, the triangle inequality for
the trace distance, and the hypotheses. By squaring both
sides of the inequality, we obtain
1−pi(ψ˜) ≤ η+1−pi(ψ)+2√η
√
1− pi(ψ) ≤ 1−pi(ψ)+3√η.
The same argument can be repeated inverting the roles of
ψ˜ and ψ, thus obtaining the relation |pi(ψ)−pi(ψ˜)| ≤ 3√η,
which implies∣∣∣EG(ψ)− EG(ψ˜)∣∣∣ = ∣∣∣1− pi(ψ)− 1 + pi(ψ˜)∣∣∣
= |pi(ψ) − pi(ψ˜)| ≤ 3√η.

We can now proceed to proving Proposition 4.
Proof. Let |ψ〉 be a pure state, and let ρ be such that
EG(ρ) = E
(ε)
G (|ψ〉). Furthermore, let us assume to have
taken an optimal decomposition ρ =
∑
i pi|ψi〉〈ψi| into
mixed states such that EG(ρ) =
∑
i piEG(|ψi〉). Then,
for any ∆ > 0, we have
EG(ρ) =
∑
i
piEG(|ψi〉) ≥
∑
i:∆−close
piEG(|ψi〉)
≥
∑
i:∆−close
pi[EG(|ψ〉)− 3
√
∆]
≥
(
1− η(ε)
∆
)
[EG(|ψ〉)− 3
√
∆]
(A3)
where the second inequality derives from Lemma 2, the
last one from Lemma 1, and η(ε) is such that D(ρ, σ) ≤
ε⇒ F (ρ, σ) ≥ 1− η(ε). 
Appendix B: Proof of Theorem 4
Proof. Let |ϕout〉 be any desired N -qubit output state,
and let Pout = |ϕout〉〈ϕout|. Since Γ is an ε-approximate
δ-stochastic universal resource, there exist an M -qubit
state γ ∈ Γ and an LOCC protocol acting on γ with
output {pi, ρi}i such that∑
ε−close
pi ≥ 1− δ. (B1)
where the sum is taken over all indices i such that
D(ρi, Pout⊗P⊗(M−N)0 ) ≤ ε, and P0 = |0〉〈0|. This means
that there exists an LOCC protocol ΛLOCC such that
ρAR = ΛLOCC[γ] =
∑
i piρ
(A)
i ⊗ P (R)i , where Pi are pro-
jectors onto orthogonal states of some register R. We
define ρA = TrR(ρAR) =
∑
i piρ
(A)
i .
Let σ ∈ Σ be such that D(σ, γ) ≤ µ and let us define
ρ˜AR = ΛLOCC[σ] and ρ˜A = TrR(ρ˜AR).
Since D is contractive under CPT maps we have
D(ρ˜A, ρA) ≤ D(ρ˜AR, ρAR) ≤ D(σ, γ) ≤ µ.
This implies that
D(ρ˜A,Pout ⊗ P (M−N)0 )
≤ D(ρ˜A, ρA) +D(ρA, Pout ⊗ P (M−N)0 )
≤ µ+D(ρA, Pout ⊗ P (M−N)0 ),
where we have used the triangle inequality in the second
step.
Since D is convex, D(ρA, Pout ⊗ P (M−N)0 ) ≤∑
i piD(ρi, Pout ⊗ P (M−N)0 ), thus
D(ρA,Pout ⊗ P (M−N)0 ) ≤
∑
i
piD(ρi, Pout ⊗ P (M−N)0 )
=
∑
ε−close
piD(ρi, Pout ⊗ P (M−N)0 )
+
∑
ε−far
piD(ρi, Pout ⊗ P (M−N)0 )
≤ ε
∑
ε−close
pi +
∑
ε−far
pi
≤ ε+ δ,
16
where the sum over ε-close and ε-far are taken over
the indices i such that D(ρi, Pout ⊗ P (M−N)0 ) ≤ ε and
D(ρi, Pout ⊗ P (M−N)0 ) > ε respectively. In the last in-
equality we have used the fact that
∑
ε−close pi ≤ 1, and
that Eq. (24) holds true.
We have thus
D(ρ˜A, Pout ⊗ P⊗(M−N)0 ) ≤ µ+ ε+ δ. (B2)
Since D is strictly related to fidelity, this implies that
F (ρA, Pout⊗P⊗(M−N)0 ) ≥ 1− η(µ+ ε+ δ). Defining two
parameters δ′, ε′ such that 1− η(µ+ ε+ δ) := 1− δ′η(ε′),
and applying Lemma 1, we obtain
1− δ′ ≤
∑
i:|〈ψi|ϕout〉|0〉⊗(M−N)|2≥1−η(ε′)
qi
=
∑
i:D(|ϕi〉,|ϕout〉|0〉⊗(M−N))≤ε′
qi,
for any decomposition of ρ˜A into pure states ρ˜A =∑
i qi|ψi〉〈ψi|.
Noticing that the argument holds for any output state
|ϕout〉 completes the proof. 
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